ON THE DEGREE OF POLYNOMIAL APPROXIMATION
TO HARMONIC AND ANALYTIC FUNCTIONS

BY
J. L. WALSH, W. E. SEWELL, AND H. M. ELLIOTT()

1. Introduction. In the plane of the complex variable z=x-1y, a function
u(2) harmonic(?) in the interior of the Jordan curve C and continuous in the
corresponding closed region C can be represented in C by a uniformly con-
vergent series of harmonic polynomials [Walsh 2, 3](®). Let Cg denote the
image in the z-plane of the circle Iw] =R(>1) under the conformal map of
|w| >1 of the w-plane onto the exterior of C so that the points at infinity in
the two planes correspond to each other. If %(2) is harmonic throughout the
interior of Cg, then there exist [Walsh 1, 5] harmonic polynomials pa(2) of
respective degrees n=1, 2, - + -, such that we have

(1.01) 1im sup [max | #(z) — pa(2) | on C]/» < 1/R;

n—o

conversely, if harmonic polynomials p.(2) of respective degrees # exist so that
(1.01) is satisfied, the sequence p.(2) converges throughout the interior of Cg
and the function %(2) if suitably defined exterior to C is consequently har-
monic throughout the interior of Cg. It is the purpose of the present paper
to sharpen these results by studying the more delicate problem of relating
(i) continuity properties of #(2) (in the form of Lipschitz(*) conditions on the
function or its derivatives) on C or Cg to (ii) degree-of convergence in C of
the sequences p.(2) and 7,(2), where m,(2) = p.(3) +4¢.(2) is a polynomial in z
of degree #.
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vol. 35 (1949) pp. 59-62.
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(3 A function u(z) =u(x, y) is harmonic in a region if it is continuous there together with its
first and second partial derivatives, and if (8%u/dx2)+(8%/dy%) =0. A function is harmonic at a
point if it is harmonic in some neighborhood of that point. Throughout this paper we shall,
without further mention, understand by a “harmonic function” or “harmonic polynomial” a
real harmonic function or polynomial; #(z) will always denote a real function.

(3) Numbers in brackets refer to the bibliography at the end of this paper.

(*) A function F(z) is said to satisfy a Lipschitz condition of order « on a set E if for any
two points z, z2of E we have | F(21) — F(2,) | SL|2,—2|®, where L is a constant independent of
z1and 2. Henceforth the letters Land M with or without subscripts will always denote constants
which may vary from one inequality to another and which may depend on the point sets in-
volved, but which are always independent of z and of indices 7 and %. The letter K with or with-
out a subscript will similarly denote a constant which may depend on 7 and the point sets in-
volved but which is independent of z.
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We denote by Problem « the study of the relation between continuity
properties of #(z) on C and degree of convergence in C, by Problem S the
study of the relation between continuity properties of #(2) on Cg and degree
of convergence in C, by Problem v the study of the behavior on the curves Cg
of the special polynomials of Problem 8. To be more explicit as to our results,
we show (Problem «) under suitable restrictions on C that if the kth derivative
0*u/ds* of u(z) with respect to arc-length s satisfies on C a Lipschitz condition
of order @ (0<a=1), then a properly chosen sequence 7.(z) converges in
C to f(2) =u(z)+iv(z) with degree of convergence 1/n¥+e; conversely, if a
sequence p.(z) converges to #(z) in C with this degree of convergence, then
F®(2) satisfies on C a Lipschitz condition of order « if a<1. We show also
(Problem ) that if u(z) is continuous on Cg and if d*u/ds* satisfies a Lip-
schitz condition of order @ on Cg, then a suitable sequence ,(2) converges to
f(2) on C with a degree of convergence 1/n*+2R; and conversely if a sequence
pa(2) converges to #(z) on C with this degree of convergence, then f =1 (z)
satisfies on Cg a Lipschitz condition of order « if a<1.

A classification of functions analytic in the unit circle due to Hardy and
Littlewood expressed in terms of Lipschitz conditions and asymptotic in-
equalities was used by Walsh and Sewell [4] as the basis of the study of ap-
proximation to analytic functions by polynomials in z. This same classifica-
tion of analytic functions yields by separation into real and pure imaginary
parts a corresponding classification of functions harmonic in the unit circle;
we use both classifications in the present paper, study their relations, and
from a given degree of approximation to a harmonic function #(2) derive re-
sults on the class of the corresponding analytic function f(z) and on degree
of approximation to f(z).

The entire theory here developed is closely related to and in the main
contains the analogous theory for approximation to analytic functions by
polynomials in the complex variable, an exposition of which is given by Sewell
[1]. Our results for an analytic Jordan curve C are in each case (0 <a=1)
actually stronger than those which have previously been established in the
analogous theory; for we assume continuity properties merely of #(z) and
derive the previous results on degree of approximation to f(2); and conversely
we assume various degrees of approximation merely to #(z) by harmonic
polynomials and derive the previous results on the continuity properties of
f(2). Thus the present theory is by no means merely an obvious application
of the former one, although incomplete portions of our results are thus ob-
tainable. Examples of essential difficulties in establishing the new theory from
the old one are: (a) if #(2) satisfies a Lipschitz condition of order o (0<a<1)
on an analytic Jordan curve C, so also does its conjugate v(z); approximation
to u+4v by polynomials in z then yields our results on approximation to
f(2) by polynomials in 2, but this method fails to yield our results in the case
a=1; (b) if a sequence of harmonic polynomials converges uniformly in a
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closed region, the sequence of conjugate harmonic polynomials need not con-
verge there, and if convergent need not have the same degree of convergence.

The theory of approximation to functions of a real variable @ by trigo-
nometric polynomials has long been highly developed, due primarily to the
work of Lebesgue, Jackson, S. Bernstein, de la Vallée Poussin, and Montel,
and is essentially equivalent to approximation by harmonic polynomials in
the closed interior of the unit circle, so partial results in the latter theory are
available at once. The study of approximation to functions of a real variable
served as a pattern (primarily as to results rather than method) in the study
of approximation to functions of a complex variable z by polynomials in z, a
theory commenced by Runge, Hilbert, Faber, Montel, Fejér, Szegs, Carleman,
and elaborated by Walsh, Russell, Sewell, and Curtiss. The latter theory
serves remarkably well as a pattern in the present study, both as to results
and method; but as we have already stated, the present work is by no means
a mere imitation or repetition of that previous theory.

The older work on approximation to a real periodic function F(6) by trig-
onometric polynomials has recently been complemented by Zygmund [2],
who shows that for a continuous function the inequality

FO+ h) +F@O = h) = 2F@®)| _ u
h i =

is a necessary and sufficient condition for order of approximation 1/zx.
Throughout the present treatment, however, we emphasize Lipschitz condi-
tions and other moduli of continuity; since (1.02) is not a condition on the
modulus of continuity it is to that extent foreign to the present paper.
Nevertheless, Zygmund’s methods and results are also of importance in the
study of approximation to harmonic and analytic functions, and likewise
yield (under suitable restrictions) a necessary and sufficient condition for
degree of approximation 1/, as will be shown in a later paper.

In §2 we define several classes of harmonic functions and discuss direc-
tional derivatives. In §3 we investigate the relation between Lipschitz condi-
tions on %(z) and on f(2). In Part I (§§4-6) we study Problems « and S8 for the
unit circle. In Part IT (§§7-13) we study Problems «, 8, and v for more
general point sets; §§7, 9 are devoted to the establishment of inequalities on
the moduli of polynomials, §8 to Problem «, §§10, 11, 12 to Problem B, §13
to Problem . Examples to appraise the sharpness of our results are given in
§14.

2. Continuity classes; derivatives. In our study of approximation, it is
convenient to define four classes of functions as follows. Let C be a rectifiable
Jordan curve. We shall say that the real function %(z) belongs to the class
L(k, ), symbolically u(z) EL(k, @), on C if #(z) is harmonic interior to C and
continuous on C; if the derivative 8*u(z)/ds* exists(5) on C, where s is arc-

(1.02)

(®) In §§1-11 the letter & will be reserved to denote a non-negative integer.
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length measured along C; and if d*u(2)/ds* satisfies on C a Lipschitz condi-
tion of order @, 0 <a=1(%). We shall say that () Elog (k, B) on C if u(s)
is harmonic interior to C, continuous in C, and 9*u(z2)/ds* exists on C and
satisfies the condition, where |2, —2,| is sufficiently small(7),

*u(z1) _ d*u(z2)

2.01
( ) Jsk dsk

S L|s—2||log |2 — 2|8 21, 22 on C.

The complex-valued function f(2) is said to belong to the class L,(k, o) on
C if f(2) is analytic interior to C, continuous on C, and if the one-dimensional
derivative f®(2) exists and satisfies a Lipschitz condition of order a on C.
Finally, f(2) Eloga (k, 8) on C if f(z) is analytic interior to C, continuous on
C, and if f®(3) exists on C in the one-dimensional sense and satisfies on C a
condition of the form (2.01).

If C consists of a finite number of rectifiable Jordan curves, we say
u(2) EL(k, o) on C if u(z) EL(k, ) on each component of C; we make an
analogous definition for the classes L4(k, «), log (k, B), and loga (%, B).
Furthermore, f(z) €La(k, &) on C if f(2) EL4(k, &) on C and f#(3), defined on
C in the one-dimensional sense and interior to C in the usual way, satisfies a
Lipschitz condition of order @ on C. A corresponding definition applies to the
class loga(k, B). When we refer to a function u(z) harmonic in several
mutually disjoint regions, we do not imply that #(2) is a monogenic harmonic
function. A similar remark applies to an analytic function f(z).

We turn now to the question of derivatives. Let C be a Jordan curve; let
f(2) be analytic interior to C and continuous on C. At a point 3, interior to C
the derivative f’(2o) is uniquely defined due to the analyticity of f(z) at z,.
If 20 is a point on C, there are three different limits which may appropriately
be considered in studying f’(2,). The one-dimensional derivative of f(z) on Cis

2) — f(z
2.02) T LGt (O
z—2o,z0n C 2 — 2
provided this limit exists; this definition is valid for a function defined merely
on an arc. The two-dimensional derivative is
z) — f(z
2.03) Tk (O
z—zs,zo0n C Z — 2

provided this limit exists. Finally

(%) Clearly the requirement that #(2) satisfy a Lipschitz condition of order @« on the unit
circle is equivalent to the requirement that u(e*®) = U(6) satisfy a Lipschitz condition of order
a in 6. The superscript % indicates generically differentiation k times; in particular, the super-
script £=0 does not alter the function.

(") The restriction on |z;—2| is clearly essential since if |2,—2| =1, the right side of
inequality (2.01) is zero. Henceforth, whenever such a restriction on |z —2,| is necessary, it
will be assumed without explicit mention.
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lim _ f'(3)
z—ze, z0n C
may be considered provided, of course, f/(2) exists; here f/(2) for z on C may be
defined by either (2.02) or (2.03).

DEFINITION 2.1. Let C be a rectifiable Jordan curve. We say that the arc
and chord of C are infinitesimals of the same order if there exists a number
A >1such that if » denotes the distance between any two points 21, 22 of C and
s denotes the length of the shorter arc (or the common value if the two arcs
have the same length) of C joining 2, and 2,, then s/r <4.

THEOREM 2.1. Let C be a rectifiable Jordan curve whose arc and chord are
infinitesimals of the same order. Let the complex-valued function f(2) be continu-
ous on C and have a continuous derivative on C in the one-dimensional sense
with |f’(z)| =M. Then for 21 and 22 on C we have(®)

S(z1) — f(z2)

21 — 22

where A is the constant of Definition 2.1.

= M4,

The proof depends on the validity of the equation
22
(2.04) 1) = fe) = [ 1@
2

where the integral is taken along C and f’(2) is the one-dimensional derivative
of f(z) on C. Let 2o be a point on C. Set F(z) = [;, f'(z)dz, the integral being
taken along C. Then for 2, z50n C

P& = F@) = 6= w0 = [ [0 - fe)lan

Since f’(2) is continuous on C, given an arbitrary €>0, there exists an >0
such that for 2, 2; on C and ]z—zll <7, we have |f'(2) —f'(21)| <¢/A. Thus
for IZ—le <7

|F(z) = F(z1) — 3 — 20)f'(z1) | < (/) arc (z ) S €| 2 — 2.

It follows that F’(2) exists and is equal to f'(2), z on C, where F’(2) and f'(z)
are one-dimensional derivatives taken along C. But if a complex-valued
function g(z) has on C a one-dimensional derivative g’(z) =0, then g(2) is a
constant, for if 2, z+Az are on C

g(z + Az) — g(2) . 8(z+ Az) — g(z) Az
m = lim

1i
As—0 As As—0 Az As

’

(8) The proofs of a slightly more general proposition [Walsh and Sewell 1] and [Sewell 1]
seem inadequate.
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since |Az/As| =1; it follows that dg/ds =0 and hence(®) 3% [g] /s =9 [g]/0s
=0; thus g(2) is a constant on C. Therefore

fz) = f zf'(z)dz + constant;

equation (2.04) follows immediately. From (2.04) we have
| f(z2) — f(z) | < Marc (31 22) < MA| 2 — 3 .

Theorem 2.1 yields using results due to Warschawski [1], Walsh and
Sewell [1], and Sewell [1, p. 29](1)

THEOREM 2.2. Let C be a rectifiable Jordan curve whose arc and chord are
infinitesimals of the same order. Let f(z) be analytic interior to C, continuous on
C; let f®(3) exist in the one-dimensional sense and be continuous on C. Then
the two-dimensional derivatives f'(z), f''(2), - - -, f®(3) exist on C, are equal to
the corresponding one-dimensional derivatives on C, and are continuous in the
two-dimensional sense on C. Moreover, if f(z) EL4(k, ) [or f(z) Eloga (k, B),
where B=1 or B=2], on C, then f(z) EL4(k, ) [or f(z) Elog4 (k, B)], on C.

We turn now to the question of the various derivatives of a harmonic
function. Let %(2) be harmonic interior to a rectifiable Jordan curve C and
continuous in C. Let % represent distance, considered as positive, measured
from a point 2, to a point 2p+Az on a half-line having the direction angle w
and terminating in 2,; thus we have Az=hew. If 2, is interior to C, or if 2, is
on C and z,4Az=2z,+he* lies in C for & sufficiently small, then the direc-
tional derivative at 2, of #(2) in the direction w is defined as

u(z0 + Az) — u(z0)

Az—0 h

provided (if 2o is on C) this limit exists, and will be denoted by Du(z,). If
2o is on C and z,+Az does not lie in C for % sufficiently small, we denote by.
Dlu(zo)
lim Du(z),
2—zs, 2 interior to C

provided this limit exists. This notation fails to indicate the functional de-
pendence of D'u(z) on w; all the results to be proved are valid for each w,
as will appear.

Let C satisfy the hypothesis of Theorem 2.2 and suppose f(2) = %(2) +7v(2)
is analytic interior to C, continuous on C, and has on C a continuous first

(*) R[F(2)] denotes the real part of F(z); 3[F(2)] denotes the imaginary part of F(z) di-
vided by 1.

(1%) The result needed is not there established for the case f(z) &loga (k, 2), but the proof
for this case is analogous to the proofs for the other cases.
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derivative in the one-dimensional sense. Using Theorem 2.2 we obtain
(2.05) D'u(z) = R[e“f'(z)], zin C;

it follows that Du(z) exists in C and is continuous there. Moreover an in-
equality of the form

(2.06) If’(zl) —f’(za)l éLIzl—zz|°‘ log IZI—ZZI 8, 21, 32 on C,
implies, using Theorem 2.2,

1
(2.07) | D'u(z) — D'u(zs) | < Li| 21 — 22| «|log |21 — 22| [, 21,200 C,

where either =0 and 0<a =1, or a=8=1, or a=1, 8=2; conversely in-
equality (2.07) for z, 2; on C implies (2.06) for 21, z; on C and hence on C,
since by taking w=0 and w=7/2 in (2.05), we obtain an inequality of the
form (2.07) on R [f'(z)] and on I[f’(2)], and therefore on f’(2) itself.

For k>1, we define D*u(2) as D'[D*~'u(3)] if existent, where the succes-
sive directions wj, j=1, - - -, k, involved are arbitrary. If C satisfies the
hypothesis of Theorem 2.2 and f(2) has a continuous kth derivative on C in
the one-dimensional sense, then we obtain for D*u(2) results analogous to
those obtained above for D'u(z). Thus we have

THEOREM 2.3. Let C be a rectifiable Jordan curve whose arc and chord are
infinitesimals of the same order. Let f(2) =u(2) +1v(2) be analytic interior to C,
continuous on C; let f*)(2), k=1, exist in the one-dimensional sense and be con-
tinuous on C. Then D*u(z) exists and is continuous on C. Furthermore, if f® (z)
satisfies the condition

(2.08) | fB () — [B(a) | S L] 21— 2]

for z, and 25 on C, where =0, 0<a =1, or a=8=1, or a=1 and $=2, then
D*u(2) satisfies a corresponding condition for z, and 2, on C; reciprocally, if
D¥u(z) satisfies a condition of the form (2.08) on C, then f*)(z) (still assumed
existent and continuous on C) satisfies a corresponding condition on C.

log Izl—Z2[ 8

Finally we may consider the partial derivatives taken along C:

THEOREM 2.4. Let C be a rectifiable Jordan curve whose arc and chord are
infinitesimals of the same order and whose equation in terms of arc-length s is
z=1(s), where t'¥)(s) exists and satisfies the condition

(2.09) | 18 (s1) — 1 (sy) | < L| 2z — 22]*|log | 51 — 22| |8,

z;=1(s;), where either =0 and 0<a =1, or a=B=1, or a=1 and B=2. Let
the function f(2)=u(z)+1v(z) be defined on C. If f¥(3) exist and satisfies
a condition of the form (2.08) on C, then *f/ds*, d%u/ds* exists on C and satisfy
on C corresponding conditions. Conversely, if 0*f/0s* exists and satisfies a conds-
tion of the form (2.08) on C, then ¥ (2) exists and satisfies a condition of the
form (2.08) on C.
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The proof follows from Theorem 2.1 and the equations
of %
3 F@-t6), - ='@FE)]+ @),

ds?
63f 244 !/ i 1 ’ 4 77
Es;.:f @ [EE)] + 317 G) () -1 (s) + f'(=)-£"(s),

(2.10)

and so on.
3. Lipschitz conditions and continuity. Relating the various classes of func-
tions defined in §2 we prove

THEOREM 3.1. Let u(z) EL(k, @) on |z| =1. Set f(2) =u(3)+iv(2), where
2(2) 15 conjugate(*t) to u(2) in |z| =1,9(0)=0. Then if 0<a <1, f(z2) €L4(k, )
on Izl S1;if a=1, f(z) Eloga (k, 1) on | 2| 1. If u(z) Elog (k, 1) on |z| =1,
then f(2) Eloga (k, 2) on Iz[ <1.

For the case #(2) €L(0, @) on | z| =1, Privaloff [1] (for example, Zygmund
[1, pp. 156-157]) has proved that #(2) €L(0, @) on |z| =1 if 0<a<1 and
v(z)Elog (0, 1) on |z| =1 if a=1. If u(z)Elog (0, 1) on [zl =1, it can be
shown by Privaloff’s method that v(z) Elog (0, 2) on ]z] =1. The theorem
thus follows for 2=0 thanks to Theorem 2.2.

Suppose 2>0. We shall prove that d*v(re®)/d0%, z=re®, is conjugate to
d*u(re®) /d0%, |z| =1. It is clearly sufficient to establish this result for the
case k=1, since the result for £>1 will then follow by iteration. If a;, b; are
the Fourier coefficients of u(e®), 0 <0 <2, we have for | 3| <1

u(re?®) = (ao/2) + 2 ri(a; cos 70 + b; sin ;6),
=1
v(re®) = > ri(a;sin j8 — b; cos 78).
=1
Hence by the usual equations for the Fourier coefficients of the derivative,
we have the expansion

du(re' l
20 ) = Y ri(—ja;sin j8 + jb; cos j6),
=1

converging uniformly in [z] =<1. Thus the function conjugate to du(re¥)/d0
is

0

(3.01) g(re?®) = 3 ri(ja; cos j8 + jb; sin j8);

el

(1) If two functions are conjugate in a region and continuous in the corresponding closed
region, we say that the functions are conjugate in the closed region.
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since by Privaloff’s results g(e®) satisfies a Lipschitz condition of positive
order, the right side of (3.01) converges uniformly on lz] =1. From the
classical theorem on term-by-term differentation of a series of the real vari-
able 8, where 7 is considered fixed (0<r=1), it follows that duv(re®)/d0 exists
and equals g(re®).

Theorem 3.1 now follows for £>0 by Theorem 2.4 and Privaloff’s results.

By the use of conformal mapping Theorem 3.1 extends to curves more
general than the unit circle and, in particular, to analytic Jordan curves.

PART I. APPROXIMATION ON THE UNIT CIRCLE

4. Problem «. By a harmonic polynomial p.(x, ¥) =p.(2) of degree n we
mean a harmonic function of the form
pa(2) = D ciix'yl, i, j non-negative integers,
0=itjSn
where the ¢;,; are real. The degree of a polynomial will always be indicated
by its subscript. We do not assume ZI c;,;l , where ¢+j =n, to be different from
zero; thus a polynomial of degree m, 0 <m <n, is also a polynomial of degree
n. If g.(2) is conjugate to p.(2), ¢.(0) =0, then

%o apn(xv y) a?n(x: y)
o) = [ (R ay - R 4,
0a(z) f ( e ay - 22 dx)

the integral being taken along the broken line y =0, 0 Sx Sx¢; x =%, 0 =y =y,
where 2zo=x,+1yo. Hence ¢.(3) is also a harmonic polynomial of degree .
Clearly m.(2) =pn(2) +1¢.(2) is a polynomial in z of degree #, for

() = (97Hp,/dxmH) + §(IvHig,/dxmtT) = 0.
Thus since pa(2) =R [7.(2) ], pa(2) may be expressed as

n

(@) = 2 @@ [=] + b3 [+7]),

7=0

where aj, bj, j=0, 1, - - -, n, are real. Conversely, if 7,(2) is a polynomial in
z of degree n, R [r.(2)] and F[r.(2)] are harmonic polynomials of degree n.

If polar coordinates (7, ) are introduced in the z-plane, the problem of
approximation on the unit circle by harmonic polynomials becomes a problem
in trigonometric approximation. A function of the form

n

(4.01) > r¥(ax cos kO + by sin k6),
k=0

where ai, by are real, is a harmonic polynomial of degree » in x and y, for
7* cos kO =R [3*], 7* sin k8 = I [2*]; conversely, a harmonic polynomial of de-
gree n in x and ¥ can be written as
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> (e [z*] + B [z%]) = D (awr* cos k9 + Bir* sin k6),
k=0 k=0
which is of the form (4.01). On v: [z| =1 a function (4.01) is a trigonometric
sum of order #; conversely a trigonometric sum of order # may be regarded as
the values on v of a function (4.01).

Let u(z) EL(k, @) on v. It follows from Jackson [1] that for each 7,
n=1, 2, - - -, there exists a trigonometric sum T,(f) of order n such that

| u(ei®) — T,,(0)| < M/nkte,
By the principle of the maximum for harmonic functions we thus have

TureorEM 4.1. Let u(2) EL(k, ) on ~: ]z[ =1, 0<a=1. Then there exist
harmonic polynomials p,(2) such that

(4.02) | u(z) — pa(z) | < M/ni+e, |z] = 1.

Here and throughout we write “there exist polynomials” rather than “for
each n, n=1, 2, « - -, there exists a polynomial of degree n.”

If p.(2) is defined as the sum of the first #+1 terms of the Fourier de-
velopment of u(e®), inequality (4.02) is valid if the second member is replaced
by M, log n/n*+e (see Jackson [1, p. 22]).

We turn now to the converse question. Let U(f) be defined for all 4, and
periodic with period 2. De la Vallée Poussin [1, Chap. IV] has shown that
if there exist trigonometric sums T,.(6) of order # such that

| U®©®) — T.(0)| = M/n*+e, 0<as=1,

then U () exists and satisfies the condition

| U®(8y) — U“"(Oz)l < M| 6, — 0:]=|log | 6, — 65|,

where 8=0if o<1, B=1 if a=1. We thus have by the definitions of L(k, «)
and log (%, 1)

THEOREM 4.2. Let u(2) be defined in lz] =1. Let there exist harmonic poly-
nomials p.(3) such that
| u(s) = pua) | = M/ntte, |s] = 1.
If 0<a<l, then u(z)EL(k, o) on Iz[ =1; if a=1, then u(z)Elog (k, 1) on
|2| =1.
5. Problem (3. We shall investigate in this section the relationship be-

tween continuity properties of #(z) on [z| =R(>1), where u(z) is assumed
harmonic in lz] <R, and degree of approximation to %(z) on Iz] =1

THEOREM 5.1. Let u(z) be harmonic in | z| <R(>1), continuous in | z| < R;




1949] POLYNOMIAL APPROXIMATION TO HARMONIC FUNCTIONS 391

suppose there exists a harmonic polynomial p.(3) such that

| RECEFCIS L e p>1.
Then for the sum S.(2) of the first n+1 terms of the Fourier expansion
u(re'®) = (ao/2) + ilr”(a,- cos j0 + b; sin 70), r < R,
= .
we have
| 4(z) — Sa(z) | S Mea/Rr, |z] = 1.

Using Poisson’s integral and the orthogonality properties of sin j# and
cos jf, we obtain for 1<p<R

2r ®

A : 1 )
u(e*) — Sa(e”) = — 2 pi(a; cos j¥ + b; sin j¥)

2rJ j=n+1

(1425 cosuto - ¢))d¢
=l

1 2x hd
= :f u(pew)( > p* cos u(f — sl/)) ay

p=n+1
1 2x ) ©
= — [ 6e) = puoe [ S 5 cos o = ) |a.
™ 0 p=n+1
Use of Holder's inequality yields

V4

2 1/
|46 = 5.9 5 2726 = 07| [ | uoe) = puoet) i |
0
The theorem now follows on allowing p to approach R.
Theorems 4.1 and 5.1 yield

THEOREM 5.2. Let u(z) EL(k, @), 0<a =1, on |z| =R, R>1. Then for the
sum S.(2) of the first n+1 terms of the expansion

u(re’?) = (ao/2) + D ri(a; cos j0 + b; sin j6), r <R,
i=1
we have
| u(z) — Sa(3) | < L/n*+eRn, |z| < 1.

We prove a theorem related to Theorems 5.1 and 5.2:

THEOREM 5.3. Let u(z) be harmonic in | 3| <R(>1), continuous in | z| <R,
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with the development for lzl =R

u(z) = lim P,(3), P.(z) = D ri(a; cos 70 + b; sin 76).

n—wo §=0

If l u(2) — Po(2) | Ze,, l z| =R, where €, approaches zero monotonically with 1/n,
then

| 4(s) — Pu(a) | S 20/ R, || = 1.
From the hypothesis we may write for m>n
| Pm(z) — Pu(z) | < 2en, |z| = R.

Abel’s Lemma then yields
> (ajcos j8 + b; sin j8) | < 2e,/R™+,
Je=n+1

Theorem 5.3 follows by allowing # to become infinite.
We turn now to the converse problem. The following theorem due to
Szegs [1] (see also Schaeffer and Szegé [1]) will be useful:

THEOREM 5.4. Let $,(2) be a harmonic polynomial of degree n. If | p,,(z)[ =K
on |z| =1, then

| pa(s)| < KR" on|z| SR R>1.
Using this theorem we prove

THEOREM 5.5. Let u(2) be defined on | z] < 1. Let harmonic polynomials p,(2)
exist such that

(5.01) | u(z) — pa(z) | < M/n*+e+1Rn, |s] =1, R> 1

Then when u(z) is suitably defined(*?) exterior to |z| =<1, u(z)EL(k, o) on
Izl =R if 0<a<l, u(z)Elog (k, 1) on Iz[ =R if a=1.

We have for the function #(2) the representation
u(z) = pi(2) + [p2(2) — 1] + [ps(3) — (D] + - - - .
Use of the triangle inequality yields from (5.01)
| Pnri(s) — p,.(z)| < 2M /nktet1Re, Iz] <1
Hence by Theorem 5.4
| pns1(s) — pu(a) | < My/niter, |z] =R

(2) Here and in following similar situations we assume that if %(z) or f(2) is not originally
supposed to be defined on the entire point set considered, the supplementary definition is to be
made by means of the convergent series of polynomials, which is equivalent to defining «(z) by
harmonic continuation and f(z) by analytic continuation.
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Thus

| 4(z) = pa(a) | < ML 20y ¥t < Mo/nbte |z] = R
Theorem 5.5 now follows from Theorem 4.2.
Theorem 5.5. may also be proved by means of

THEOREM 5.6. Let u(2) be continuous on Iz] =1. Suppose there exist har-
monic polynomials p.(2) such that

27 . .
(5.02) f | u(e®) — pue”) ["d6 = /R, R>1,p>1,
0

or more generally suppose the nth order Fourier coefficients of u(e®) not greater
in absolute value than Mie._i/R*\. If D e; comverges, then u(z) can be de-
fined(®) so as to be harmonic in the region Izl <R, continuous in Izl =R; on
[zl =R, u(2) can be approximated by trigonometric sums of respective degrees n
with an error of approximation not greater than MY ;. €;.

The required trigonometric sums can be taken as the partial sums of the
formal development

0

(5.03) u(z) = 2 ri(a; cos j8 + b; sin 76),

i=0

where a;, b; are the Fourier coefficients of #(e®#). Then

1 2
ajp1 = — f u(e*) cos (5 + 1)6d6
wJo

1 2r
=—f [4(e) — pi(e%)] cos (j + 1)ads.
™ 0

Thus by Hélder’s inequality and (5.02), if (5.02) is assumed, and otherwise
by hypothesis, we have |a,-+1] =< M:e;/RY, |b,-+1| = Ms;/Ri. In any case equa-
tion (5.03) defines %(z) as a function harmonic for |z| <R, continuous for
]z] =R, such that we have on [zl =R the desired inequality

u(z) — D Ri(a; cos jo + b; sin j0)| < M3 e

=0 j=n

6. Problem B, continued. As a preliminary to general remarks on trigono-
metric approximation we mention

z] =1, and there only by means of an
z| =1 unless that requirement is made

(13) Originally %(z) appears merely on the circle
integral; hence %(z) need not even be continuous on
explicitly.
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THEOREM 6.1. If for the series

a Ll
(6.01) 70 4+ > 7™(a. cos n8 + b, sin #f)
n=1
we set (z=re®)
(6.02) lim sup [an + 53] = 1/p,

n—o

where p is finite or infinite, then the series (6.01) converges uniformly on every
circle Izl =p'<p; it does not converge at every poinmt of any arc of a circle
[zl =p’’'>p.

The uniform convergence of (6.01) on ]z! =p’ follows immediately from
the well known theorem on the uniform convergence on lzl =p’ of the power
series @o/24 D me1 (@n—1bs)2", of which (6.01) is the real part.

On the other hand, if »=p’’ we have

. 2 2n 2 2ny1/2n
lim sup [@.r + bar |

n—w

=p"/p > 1;

hence the coefficients a,7* and b,7* do not tend to zero with 1/, and the
second part of the theorem follows from the Cantor theorem on the coeffi-
cients of a trigonometrical series.

In the general study of convergence of the series

Qg had
(6.03) > + X (a, cos n8 + b, sin n8),
n=1
it is natural to relate the degree of convergence of (6.03) to the continuity
properties of the function represented. But if the number p defined by (6.02)
is greater than unity, the function defined by (6.03) is an analytic function of
0, so that all the usual requirements of continuity of both the function and its
derivatives are automatically fulfilled. We should like then to associate with
the function (6.03) some such function as (6.01), and to relate the degree of
convergence of (6.03) to the continuity properties of (6.01). There are various
possibilities here, all under the assumption that p is greater than unity.
I. We may set z=re? and consider (6.03) as the values on the circle
|z| =1 of the function

v

(6.04) Z (A 2¢, = @, — by, Cn = Cn, n= 0.

n=—oo

We are then in a position to relate the degree of convergence of (6.03) to the
continuity properties of (6.04) on the circles of convergence |z] =p and
Iz{ =1/p. This study will not be treated here but has already been under-
taken by de la Vallée Poussin [1] in the case that (6.04) has poles on the
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circles of convergence, and by Walsh and Sewell [3, 4] in the case that (6.04)
is continuous on these circles.

II. We may study the connection between degree of convergence of (6.03)
and the continuity properties of the harmonic function (6.01) on the circle
|z| =p; we have already done this (§5).

III. We can study the relation between degree of convergence of (6.03)
and continuity properties on | zl =1/p of the harmonic function

ag had
(6.05) > + X r(a, cos n + b, sin nb).
n=1
This problem is essentially the same as 11, for the functions (6.01) and (6.05)
are transforms of each other under the transformation z=1/2.
IV. We can identify (6.03) with the series

0

(6.06) > rn(a;) cos nb + b, sin nf)

n=-—o0
on the circle | z| =1, where the coefficients are chosen to satisfy
(6.07) a; + a’, = ay,, b — b, =b,, n = 0.

Equations (6.07) obviously do not determine a,, and b, uniquely, and there
is perhaps no “best” choice. Nevertheless, when (6.03) is given, to choose
a. and b, for >0 in such a way that

lim sup [a,’,2 + b,ﬁmn

n—wo

> 1/

is obviously unfavorable, for under those circumstances the series

L]

(6.08) E r*(a) cos nf + b, sin nf)

n=1
does not even converge throughout the interior of the circle ]z[ =p, and
Theorems 5.1, 5.2, 5.3 yield weaker results than those obtained by methods
II and III. Similarly it is unfavorable to choose a,; and b,/ for » <0 in such a
way that

. 2 2 11/2n
lim sup [a”, 4 b7,

n—0

> 1/p.

Since such reasoning as used in Theorems 5.1, 5.2, and 5.3 yields degree
of convergence depending on the weaker of the continuity properties of
(6.08) on [z] =p and

0

(6.09) Z r*(a; cos nf + b, sin nf)

n=—oo
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on Iz] =1/p, it is unfavorable to choose a,; and b,/, n>0, in such a way that
the continuity properties of (6.08) on [z| =p are either better or worse than
those of (6.09) on |z] =1/p.

Thus possible and natural choices of @, and b, in (6.07) correspond to
expressing (6.03) as the sum of a suitable multiple of (6.01) and a suitable
multiple of (6.05) on the circle |z| =1. The most natural choice other than
those mentioned in II and III would seem to be

, = al, = a./2, bi = — bl = b,/2, n = 0.

an
This choice corresponds to using method II for half of the function (6.06),
using method III for the other half of that function, and combining the re-
sults. The final conclusions on degree of convergence are then essentially
those obtained by method II.

Part I1. APPROXIMATION ON MORE GENERAL SETS

7. Polynomial inequalities. To aid in the establishment of further
theorems for Problem «, we shall prove certain results on harmonic poly-
nomials based on the following theorem due to Szegs(™):

THEOREM 7.1. Let 7,(2) be a polynomial in 2 of degree n such that | Rra(2)] |
<K for |z2—2| SR. Then

| 7! (3)| < nK/R for |z — 2] = R

We make

DEFINITION 7.1. A curve C is said to be of Type D if

(i) Cis a rectifiable Jordan curve whose arc and chord are infinitesimals
of the same order; and

(ii) there exists a number §,>0 such that if P is any point of C, there
exists a circle of radius 8, through P whose closed interior lies in C.

Seidel [1] has proved that if C possesses a tangent at each point and is
such that |w(s+h) —w(s)| =Lk, h=0, where w denotes the angle from the
axis of reals to the positively directed tangent to C, and s denotes arc-length
measured along C, then C satisfies (ii).

From Theorem 7.1 we obtain easily

THEOREM 7.2. Let C be a curve of Type D. Let w,.(2) be a polynomial in 2 of
degree n. If |R[ra(2)]| <K, 2 on C, then

| 7d (2) | < Kn/s0, z on C,
where 8o 1s the constant which occurs in Definition 7.1.

Under the hypothesis on C, if P is any point of C, there exists a circle yp

(4) Szegs [2] proves the theorem for the case of the unit circle, but the extension to an
arbitrary circle follows at once.
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through P, radius 8, lying entirely in C. In each such circle IER[W,.(z)” <K.
Therefore by Theorem 7.1, [7r,.’ (z)l <Kn/b, ch z in yp. Since this last in-
equality holds for all z on C, it holds for z on C.

COROLLARY 7.3. Let C be a curve of Type D. If p.(2) is a harmonic poly-
nomsial of degree n such that | pn(z)[ =K, zon C, then

| grad pa(z) | < Kn/b, zinC.

THEOREM 7.4. Let C be a curve of Type D. Let w.(2) be a polynomial in 3 of
degree n, and set R [1,.(2) | =pa(2). If lp,,(z)l =K, zonC, then

| Pn(21) — pn(22) I = | ma(z1) — ma(22) | < AKnl % — Zzl /8o, 21, 23 on C,
where A and 8o are the constants of Definitions 2.1 and 7.1, respectively.

By Theorem 7.2, l7r,.' (z)] < Kn/8y, z on C; thus Theorem 7.4 follows from
Theorem 2.1 and Sewell [1, Theorem 1.2.7].

THEOREM 7.5. Let C be a curve of Type D, and let 2, be a point interior to C.
Suppose wn(z) = pa(2) +1gn(2), ga(20) =0, is a polynomial in z of degree n>1.
If | pa(2)| £K, 2 on C, then

| 7(2) | < LK log n, z on C.

Let C’ be an analytic Jordan curve interior to C which contains in its
interior 2o and each point of C situated at a distance from C greater than &,/2,
where 8, is the constant of Definition 7.1. Then we have [Walsh 5, p. 323]
| g(2)| SL.K, zin C".

Let z be any point on C and let { be the center of a circle through z with
radius 8o which lies entirely in C. Then by a theorem due to Fekete [1, p. 21]
(see also Carleman [1, p. 383]) we have lq,,(z) —ga(¥)| SL2K log n. Since { lies
in C’, it follows for z on C and hence for z on C that

| m@) | =] 22@) |+ a(3) — 0O | +] 0a) | £ K + LK log n + LK
= LK log n.
8. Problem a. By using a modification of a method due to Curtiss [1 ] it

is possible to extend Theorem 4.1 to more general sets. If C consists of a finite
number of Jordan curves, we denote by C the sum of their closed interiors.

THEOREM 8.1. Let C consist of a finite number of mutually exterior analytic
Jordan curves. Let u(z) EL(k, &) on C, 0<a=1. Set f(2) =u(z)+1v(2), where
v(3) is conjugate to u(z) in C. Then there exist polynomials m,(2) in z such that

| 1) — ma(3) | < M/n¥+e, zinC.

If 0<a<1, it follows (§3) that f(s) EL4(k, @) on C, which implies the
conclusion at once (see, for example, Sewell [1, Theorem 3.2.1]).
Now consider the case a=1. Suppose C consists of the Jordan curves
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Cy, Co - -+, Cr Let w=Q,(2) map the interior of C, one-to-one and con-
formally onto the interior of v: | 'w| =1; denote the inverse mapping function
by z=x,(w). Since the curves C,, v=1, - - - | \, are analytic and mutually
exterior, there exists a number R>1 such that the curves C/: | Q(2)| =R
are analvtic and mutually exterior and such that the functions Q,(z) are
analytic and schlicht in C;, respectively.

By the analyticity of the C,, #[x,(w) | EL(k, «) on . Since 0% [x,(re®) | /36*
is conjugate (cf. §3) to 0*u [x:(re®*)]/d6F in Iw[ =<1, w=re¥, it therefore fol-
lows from results due to Zygmund [2, Theorem 7 and §5] that

o] = 20 dmu(aru — ib,)e? | < Mo/mr,
p=0

where @, ,, b,., are the Fourier coefficients of « [x,(e®) | and d. . are the Jackson
summation coefficients of order k; compare also Sewell [1, §§3.1 and 3.2].
Hence there exist polynomials in w: 7, .(w)= ZZ‘_O A u(ay,,—1b, ) WH
= F, »(2) such that

(8.01) [ f(z) — Fom(s) | £ My/m*, zonCoyv=1,---,\

By (8.01) the polynomials m, (%) are uniformly bounded on |'w] =1;
hence (see, for example, Walsh [4, p. 77])

(8'02) | Fv.m(z) l é MZRmy Z On C,{.

Define Fn(2) = F,.m(2),2in C/,»=1, - - -, \. Let w=¢(2) denote a function
which maps the exterior of C conformally (not necessarily uniformly) onto
the exterior of |'w| =1 so that the points at infinity in the two planes cor-
respond to each other. That is to say, we set ¢(2) =es)+#, where g(2) is
Green's function for the exterior of C with pole at infinity and k(2) is conju-
gate to g(z); compare for instance Walsh [4, pp. 65 ff.]. Let u>1 be a number
such that I': |¢>(z)] =pu consists of A analytic Jordan curves lying respectively
interior to the curves C; and containing the curves C, in their respective in-
teriors; such a number exists by virtue of the analyticity of each C,.

Let P,(2) be the polynomial in 5 of degree # which interpolates to F.(2) in
n+1 points 2; equally distributed(*®) on C; then we have in the usual nota-
tion

1 wn(2)Fm(t)
Fm(z)—Pn(z) —2—1‘.—1L mdt, 40nC,

where wn(2) =(2—2)(2—22) - - -(2—2,41). It has been shown [Walsh and
Sewell 1] that |w,.(z)/w,.(t)] < M;/u for z on C and ¢t on I'. Hence by (8.02)

(%) See Walsh and Sewell [1] for details of this paragraph. The “r+1 equally distributed
points” are the images of the (#+1)st roots of unity under the conformal map of |wl >1 onto
the exterior of C by the function w=¢(z).




1949] POLYNOMIAL APPROXIMATION TO HARMONIC FUNCTIONS 399

| Fu(3) — Pa(3) | M R™/du™, zonC,

d being the minimum distance from C to I'. Let n=gm, where ¢ is a positive
integer such that » =pu~9R <1; then

(8.03) | Fo(2) — Pon(s) | S MsR™uam = Myrm, zonC.
Combining (8.01) and (8.03) we have
| (2) = Pum(a) | £ Mi/m*+t 4 Mg™ < Mo/m*+1, z on C,

since r <1. Define the polynomials 7,(2) in the statement of the theorem as
follows:

ma(2) = 0, n=12---,¢—1;
7rqi+h(z)EPqi(z)>v h=0,1,---,¢g—1;7=1,2,---
Since there exists a constant M7 such that 1//*t'=< M,/(¢j+h)**!, the

theorem follows.
For the converse problem we prove

THEOREM 8.2. Let C be a curve of Type D, and let u(2) be defined in C. Let
harmonic polynomials p.(2) exist such that

(8.04) | u(z) — pa(2) | < M/nt+e, zinC.

Then u(z) EL(0, @) on C for 0<a<1 and u(z)Elog (0, 1) on C for a=1. Set
F(2) =u(z) +1iv(z), where v(z) is conjugate to u(z) in C. Then for k+a=1,
f(z2) EL4(k, @) on C if 0<a <1 and f(z) Elogs (k, 1) on C if a=1.

We establish first(16)

THEOREM 8.3. Let C be a curve of Type D. Let u(z) be defined in C. Let
harmonic polynomials p.(2) exist such that

(8.05) | u(z) — pa(z) | < M/wP, z2inC, 8> 1.

Set f(3) =u(z) +1v(z), where v(3) is conjugate to u(z) in C. Then f(3) is analytic
interior to C, continuous in C; f'(z) exists in C and satisfies the condition

(8.06) | ') — md (2) | £ My/nP, zinC,
where wa(2) = pa(2) +194(2), ¢.(3) conjugate to p.(2).

The harmonicity interior to C and continuity in C of #(z) and thus the
analyticity of f(2) interior to C follow from (8.05). Let 2, be a point interior
to C. We suppose without loss of generality g.(2) =v(2o). Let » and u be any
two positive integers such that v >u. Use of the triangle inequality yields from
(8.05)

(%) The proofs of Theorems 8.2 and 8.3 are similar in many aspects to those of the anal-
ogous theorems for analytic functions in, for example, Sewell [1, §3.4]. The reader is referred
to the latter reference for details.
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(8.07) | £,(3) — pu(2) | = 2M /18, zin C.
Hence by Theorem 7.5 we have
(8.08) | m(2) — mu(s) | < L(log »)/u#, zinC,

where L is independent of » and u.
Let n be arbitrary but fixed and choose an integer m such that 2m—1!
=n<2m™ By virtue of inequality (8.05) we may write

(8.09) f(z) = wa(e) = [rm(z) — wa(D)] + [wemi(a) — wem(D)] + - - -,

for it follo_ws from the Weierstrass M-test that the series converges uni-
formly in C, since using (8.08) we have

| mam(2) — ma(z) | + | mrti(z) — 7m(2) | + - - -
m m-+1 m+ 2

< — A mB in C
=Llog2[nﬁ+ ", +2(m+1)/3+ :|=L1m/2 , zinC.

(8.10)

The continuity of f(z) in C is now evident. Note that so far we have used
merely the hypothesis 8>0 rather than the stronger hypothesis 8>1 of
Theorem 8.3. In the remainder of the proof of Theorem 8.3, however, the
requirement $>1 is essential.

From Theorem 7.2 and inequality (8.07) it follows that

| 7! () — m! (3) | S Lav/s#, zinC.

A similar procedure to the one just used shows that the series of derivatives
converges uniformly in C:

8@) = m(a) + [rm(a) — m(@] + [rn(a) — @] + -+ -,

and we have

om 2 m+1 2m+2
—_— / < —_ — .«
(8.11) | 8) —m! ()| = L, [nﬂ + omp + 2 (m+1)B + ]

= Ls/(2m) &V = Ls/nf, zin C.

Let { be a fixed point on C. Since the series of derivatives converges uni-
formly on C, we can integrate term-by-term along C between the limits { and
zon C. Thus

ﬂ "g(e)ds = [ma(a) — ma(?)]
(8.12) + [ren(@) = male) — (ren(t) — mal)] + - - -

= f(z) = f(©).




1949] POLYNOMIAL APPROXIMATION TO HARMONIC FUNCTIONS 401

Since the one-dimensional derivative on C of the left-hand member of (8.12)
exists and equals g(z) (cf. the proof of Theorem 2.1), the equation f’(z) =g(2)
follows on C. Applying Theorem 2.2 we have for the two-dimensional deriva-
tive f'(z) =g(2) in C. Inequality (8.06) follows from (8.11), so Theorem 8.3 is
established. :

To prove Theorem 8.2 we consider first the case £=0, 0 <a <1. We write
from (8.04)

z@=m@+(i+i)@m@—w@L sonT,
m=1 m=p+1,

where u is a positive integer to be determined later.
We have | p2(2)| <Ly, 2 in C; hence by Theorem 7.4

| w2(z1) — wa(z2) | < Ls| 21 — 2 I , 21, 32 on C,

where L; is independent not only of #, 21, and 2., but also of u.
From (8.07) and Theorem 7.4 we obtain in the notation of Theorem 7.4

imww—mw%bww—wwn

N
< (4MA/50) | 21 — 22| D) 2mG-®) < [2uG=a) | 3, — z5|, 24, 2,0nC,

m=1
where Lg is independent of u. Inequality (8.07) yields for 2, 22 on C,

> | pen(z) — pm(z) | + 2 I pami(zs) — pam(z2) |

mept 1 mpt1
< 4AM i 2-ma & Lp/26e
m=pt1
L; independent of u. Hence
(8.13) | w(z1) — u(zy) | < Ls| 31— 2| + Le2s0=a) | gy — g5| 4 Ly/2e,
21, 22 on C.

If k=0, a=1, we use for f(z) the expansion (8.09) with »=2. We have as
a consequence of (8.07) and Theorem 7.4

Zﬂ:l [ram1(z1) — 7m(31)] — [mamti(ze) — mam(22)]| < Lan| 31 — 22,

m=1

21, 22 on C.

By the use of (8.10) we thus have
(8.14) | f(z1) — f(z2) | S Ls| 21 — 52| + Lo | 21 — 22| + 2L1p/2%, 31, 32 0n C.
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Since C is rectifiable, it is sufficient to consider |z —2,| <1/2. Let | 21—z
<1/2 be given arbitrarily. Choose u so that lzl—zzl <1/24<2 | Z1—322|.
Then 2:0—a) < | 21— 20| *=1and 1/2#2 < Ly| z1—22[ @ and ulog 2< I log |zl—22| .
Substituting these in (8.13) and (8.14) we obtain Theorem 8.2 for £=0.

Now let & be positive. By iterating Theorem 8.3 we obtain from (8.04)

| B (z) — #® ()| £ My/ne, zin C.

Thus
(8.15) | mamia(z) — mgn (3) | < 2M./2", zin C.
By use of inequality (8.15) and the expansion

(k) (k)

[ =m

(k) ]
’

@) + Z [rn() — 78 (2)

we prove in a manner analogous to that in which the theorem for the case
k=0 was proved, that f(z) EL4(k, &) on C if 0<a<1 and f(z) Elogs (&, 1)
on C if a=1. Under the hypothesis of Theorem 8.2 we have, clearly, from
Theorems 8.2 and 2.3 that D*u(z), k=1, satisfies the condition

| D*u(z1) — D*u(z0) | < Li| 31 — 22| log | 21 — 22| |8, 21, 33 on C,

where B=1if a=1and 8=0if 0<a<l1.

The case =0, 0<a <1, which is not fully treated in Theorem 8.2, can
be satisfactorily handled under a slightly stronger hypothesis on C. We denote
as usual by z=x(w) the function which maps I'w! <1 one-to-one and con-
formally onto the interior of C.

THEOREM 8.4. Let the hypothesis of Theorem 8.2 be satisfied where we now
assume 0 <k-+a<l. Suppose there exist positive constants Ly and L, such that

(8.16) Li| w1 — ws| < | x(w1) — x(w2) | < Lo| w1 — wa|, |wi| =] we| = 1.
Then f(2) EL4(0, ) on C.
Theorem 8.2 and (8.16) yield
| w(z1) — u(ze) | < M| 21— 2z5|* < M1| w1 — ws]e, 21, 220n C,

where z;=x(w;). Hence u[x(w)]EL(0, a) on |'wl =1, and therefore by
Theorem 3.1, f[x(w) | EL4(0, @) on Iw[ =1. Thus by the use of Theorem 2.2
and inequality (8.16) we conclude

| f1) — f(32) | < M| w1 — wa]® < Ms| 21— z]e 21, 22 on C.

Under a stronger hypothesis on C, Theorems 8.2 and 2.4 yield

THEOREM 8.5. Let C be a curve of Type D whose equation can be written in
the form z=1(s), where t*®)(s) exists and satisfies a Lipschitz condition of order
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a. Let u(2) be defined on C. Let harmonic polynomials p,(z) exist such that
(8.17) | u(z) — pa(z) | < M/nr+e, z on C.
If 0<a<l, then u(z) EL(k, ) on C; if a=1, then u(z) Slog (k, 1) on C.

To obtain Theorem 8.5 for 0<a<1, k=1, it is necessary to make the
hypothesis on C that :®(s) exists and satisfies a Lipschitz condition of order
a. For if ®(s) does not exist and satisfy such a condition, either R [t®(s)] or
I [t®(s) ] fails to exist and satisfy a Lipschitz condition of order o. We assume
for definiteness the former, and choose #(z) =x, pn(2) =x,n=1,2, - - - ; hence
u(z) satisfies (8.17). We have «(z) =R [t(s)] on C, so u(z)&EL(k, ) on C.

Theorem 8.5 can be established for the case a=1 if {®(s) is required
merely to satisfy a condition of the form (2.09) with a=8=1. A similar re-
mark applies in succeeding corresponding situations.

The method of splitting the series at u was employed by de la Vallée
Poussin [1] in studying real periodic functions of period 2w. The method of
proof of Theorem 8.3 was used by Montel [1].

Theorems 8.2, 8.3, 8.4, 8.5 are proved for a single closed region bounded
by a curve C possessing certain continuity properties, but the same theorems
clearly hold for a finite number of such regions which are mutually exterior.

9. Problem (3, preliminaries. We state for reference the following two
theorems due respectively to Walsh [4, p. 92] and M. Riesz [1, p. 220]:

THEOREM 9.1. Let C be a rectifiable Jordan curve and let w.(3) be a poly-
nomial in z of degree n such that

f|7r,.(z)|1’|dz|§KP, 5> 0.
C

Then Ivr,.(z) | =<LKR" zon Cg, R>1, where L is a constant which depends on C,
R, and p but is independent of 7.(2), n, and z.

THEOREM 9.2. Let f(z) =u(z) +4v(z), v(0) =0, be analytic in |z| <1 and
continuous in |z| <1. Then if p>1 we have

" i) |7dg < M, 2’ i6) |nqdg,
fo | o(e%) | o < f P

where M, depends only on p(17).

We shall need the following general result on the derivative of a mapping
function:

THEOREM 9.3. Let C be a rectifiable Jordan curve. Let w=Q(z) map the
interior of C one-to-one and conformally onto |w{ <1. Then for almost every

(*") Theorem 9.2 is clearly valid for an arbitrary circle where 3, is independent of the
radius.
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point z1 of C both the one-dimensional derivative of Q(z) on C and the two-di-
mensional derivative of Q(z) exist and have as common value the limit of Q'(2)
as z interior to C approaches 2 in angle.

Let z=x(w) denote the function inverse to w=re?=Q(2). It is well
known [Privaloff 2, pp. 84-85] that x(w) is an absolutely continuous function
of 8 on |w| =1, and hence that x'(w) exists in the one-dimensional sense
almost everywhere on |w| =1. Privaloff [2, p. 81] proves that for almost
every point w; on le =1 we have lim x’(w) =x'(w:) where w in l'w| <1
approaches w; in angle. Moreover [Lusin and Privaloff 1, p. 164] we have
x'(w) #0 almost everywhere on Iw] =1. We define measure on C in terms of
arc-length s. At almost every point of C the transformation w=Q(z) is con-
formal [Privaloff 2, p. 85]. It follows that at almost every point z; on C the
one-dimensional derivative ©/(z;) on C exists and equals 1/x’[Q(z1)], and
lim Q'(2) = Q'(z1) where z interior to C approaches 2 in angle.

To establish Theorem 9.3 it is thus sufficient to prove

(9.01) lim _ 26 — 9@

2—z1, 8 onC Z — 21

= 2(z),

where 2 is an arbitrary point of C at which the one-dimensional derivative
Q’(21) exists. It follows from the existence of ©’(z) that there exists an >0
such that for z on C and 0<]z—21| <n we have

Q(2) — Qz1)

Z — 31

(9.02) <| Q@)+ 1.

Let v:1 denote the closed arc of C which contains 2; and whose end-points are
the two first points of intersection of C and the circle Iz—21| =7 as one
proceeds along C from 2 in the positive and in the negative directions. Let 72
be a Jordan arc whose interior points lie interior to C and whose end points
are the end points of v:; we denote by d(>0) the minimum distance from z; to
Ye-

On v, we have

2
<.

d

By (9.02) and (9.03) we thus have [Warschawski 1] for z in the closed
interior of y147y2, 2721,

(9.03) ‘Q(z) — Q(z1)

z2—2

Q(z) — Qz1)

Z— 21

=M,

Equality (9.01) now follows from a result due to Lindelsf [1].

THEOREM 9.4. Let C be a rectifiable Jordan curve, and let 2o be a point interior
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to C. Let g(20, 2) denote Green's function for the interior of C with pole at 2, and
let v denote the inner normal. In the notation of Theorem 9.3 we suppose Q(z,) =0.
Then almost everywhere on C we have 9g(2,, 2)/0v= ] Q'(2) I .

The function g(2,, 2) is chosen to become positively infinite at 2.

Let 2 be a point of C at which ©@’(z) (5£0) exists in the one-dimensional
and hence in the two-dimensional sense; by Theorem 9.3 this condition is
satisfied almost everywhere on C. Then C has a tangent at z,. We compute
dg/dv, where v is length measured along a line segment I' in C normal to C
at z;. The image I'’ in the w-plane of T is an arc normal to the circle |w| =1;
from the continuity of ©'(3) on I' (Theorem 9.3) it follows that I'' has a con-
tinuously turning tangent, and hence that arc-length ¢ and chord on I' are
equivalent infinitesimals. Thus we have (w=re?®)

ag g do |dw

|osy 90 |dw| | dz

dlogr

=— e = | @) | ;

here dg/dc indicates the derivative along I'/; in the w-plane this derivative
at w=Q(z;) on |w| =1 for the function g(2, 2) = —log 7 is equal to the partial
derivative 9 log r/dr=1.

The value at 2, of an arbitrary function #(2) harmonic interior to C and
continuous on C can be expressed as

1 2%
u(z) = f - ulx(u) s

Since C is rectifiable, #=7(s) is absolutely continuous and monotonically in-
creasing [Privaloff 2, p. 85]. Thus we have

1
u(z0) = -2—; f Cu(z)f'(s)ds;

here and in the remainder of this section all integrals are Lebesgue integrals.

On |w| =1 we have w=¢"®, Almost everywhere on C the one-dimen-
sional derivative Q/(2) exists, and [Lebesgue] Ids/dzl =1. There follows al-
most everywhere on C

Thus it follows (Theorem 9.4) that

1
u(2o) = -2—1r-fc u(z) | ' (2) | ds

1 ag(20, 2
=—fu(z) 8Ceo )ds;
2rJ ¢ 12

9
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this first equation is a transform of Gauss’s mean value theorem and is men-
tioned by Smirnoff [1]; the second equation expresses a very general form of
Green’s theorem involving dg/dv. A proof of this second equation recently
given by Tsuji [1] seems inadequate.

We are now in a position to extend M. Riesz’s theorem to an arbitrary
rectifiable Jordan curve:

THEOREM 9.5. Under the conditions of Theorem 9.4, let f(2) =u(2)+1v(2),
v(20) =0, be analytic interior to C and continuous on C. Then we have for p>1

(9.04) fcl 2(2) |7 ag(:: ) ds < lecl u(z) | ag(:: ?) ds,

(9.05) fclf(z) lpa_g%.z_).ds § Mch | u(z) Ip&g(:o, Z) ds,

14

where M, and M, depend only on p.

Inequality (9.04) is a consequence of Theorems 9.2, 9.4, and the properties
of 7(s) already discussed. Inequality (9.05) is a consequence of (9.04) and the
well known inequality

(9.06) | ¢+ n|p < 20| ¢ |2+ 201 g, p>1

DEFINITION 9.1. A curve C is said to be of Type B if C is a rectifiable
Jordan curve such that for some ¢>0 the integral [¢[dg(zo, 2)/0v]~%ds exists.

This condition is in fact not dependent on the choice of 2, as follows from
Theorem 9.4 and consideration of an arbitrary map of the closed region ||
<1 onto itself.

THEOREM 9.6. Let the curve C be of Type B. Let 2, be a point interior to C and
let 7,.(2) = pn(2) +1¢n(2), gn(20) =0, be an arbitrary polynomial in z of degree n.
If | pu(2)| <K, 2 0n C, then

| ma(z) | = MKR», zonCr R > 1.

We choose ¢ as in Definition 9.1. The use of Hélder’s inequality and
Theorem 9.5 yields

3g(z0, 2 a/ (a+1)
IRESCIEE [ [1ne |1+uq_g(_9_)ds]
¢ ¢ Iy
dg(z0, )9 T @tD
[f [: :| ds]
c dv

q/(¢+1)
Ml[ f | pa(2) 1110 g(:"’ ) ] < M.K.
14

Theorem 9.6 now follows from Theorem 9.1.
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10. Problem . We are now ready to study Problem 8 for sets more
general than circles. Let C consist of a finite number of mutually exterior
Jordan curves. As in §8 let the function w=¢(z), with inverse z=y(w), map
the complement of C conformally but not necessarily uniformly onto | w| >1
so that the points at infinity in the two planes correspond to each other.
Denote by Cg the locus |¢(z)| =R>1 lying exterior to C. We shall use the
following definition due to Walsh and Sewell [1]:

DEeFINITION 10.1. The set C is called a contour(!®) if C consists of the
mutually exterior Jordan curves Ci, Cs, - - -, C\ having the properties

(i) each Cj has a tangent at every point;

(i) the function

(10.01) log | [¥(w) — ¥(w)]/(w — w) |

for each possible definition of Y(w) and ¢(w’) is locally bounded in the two-
dimensional sense for |w| =1 and |%’| 21 in the neighborhood of each point
of continuity of Y(w);

(iii) the function (10.01) satisfies on each arc ; of v: lwl =1 correspond-
ing to a curve C; of C, a Lipschitz condition of order unity in w, uniformly with
respect to w’ on any closed arc of |w’| =1 interior to a 7ys.

THEOREM 10.1. Let C and Cgr, R>1, be contours. Let u(z) EL(k,_a), 0<a
=1, on Cg. Set f(2) =u(2) +1v(2), where v(3) is conjugate to u(2) in Cr. Then
there exist polynomsals 7,(2) in 2 such that

(10.02) | 7(2) — ma(z) | < L/n*+eR>, z onC.
By Theorem 8.1 there exist polynomials P,(z) in z such that

| f() — Pa(a) | < M/n¥+e z on Cg.

Denote by 7,(z) the polynomial in z of degree » which interpolates to f(2)

in 41 points chosen equally distributed on C. Then in the notation of §8 we
have [Walsh and Sewell 1, Theorem 3.1]

) — ) = [ @@L - P0]

- 2, zonC.
2riJ ¢ w,(5)(t — 2)

By virtue of the inequality Iw"(z)/w,,(t)l < M,/R" for zon C and ¢ on Cg, we
thus obtain (10.02).

In the case that Cg is a single Jordan curve, under the hypothesis of
Theorem 10.1 we can, by using the above method and previously known
results, actually draw more explicit conclusions. We see from the proof of
Theorem 10.1 that 7.(2) in (10.02) may be chosen to interpolate to f(2) in
n+1 points equidistributed on C. By this same general method with a suit-

(*8) For a discussion of the properties of a contour and details not given in this section, we
refer to Sewell [1].
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able definition of w,(2), if #(2) EL(k, @) on Cg, C a single Jordan curve which
is such that the mapping function z=y(w) has a nonvanishing first derivative
and a continuous second derivative on lw[ =1, and if F,(z) is the unique
polynomial of degree n which interpolates to f(2) in the #+41 roots of the
Faber [1] polynomial of degree n+1 belonging to C, it follows that in-
equality (10.02) is valid for m,(2) = F,.(2); when C is an analytic Jordan curve
we have analogous results for the polynomial interpolating to f(2) in the roots
of the Tchebycheff polynomial of degree n+1 belonging to C; see Walsh and
Sewell [1] for the necessary inequalities on | wa(2)/wa(f)| in each case.

Consider next the case of approximation on the segment —1=<z=+1. As
above we have

TuEOREM 10.2. Let u(z)EL(k, @), 0<a=1, on the ellipse Cr whose
foci are (—1, 0) and (+1, 0) and whose semi-sum of axes is R>1. Set f(3)
=u(2) +1v(z), v(z) conjugate to u(z) in Cr; if Pn(3) is the unique polynomial
of degree n whick interpolates to f(2) in the n+1 roots of the polynomial(1?)
cos [(n41) cos™! z], then

| 7(2) = Pa(z)| < M/n*+eRn, —1=5z=1.
For the converse problem we have

THEOREM 10.3. Let C be a curve of Type B; suppose that u(z) is defined on C.
Let harmonic polynomials pn(3) exist such that
(10.03) | u(z) — pa(z) | < M/ni+e+1Rn, zonC, R > 1.
Set f(z) =u(z) +1v(z), where v(z) is conjugate to u(z). Then f(z) ELa(k, ) on
Cr if 0<a<1 and f(z)Elogs (k, 1) on Cr if a=1. Hence u(z)EL(k, a) on
Crif0<a<land u(z)Elog (k, 1) on Crifa=1.

Let 2o be a point interior to C. Set m,(2) =pa(2) +1¢.(2), where g.(2) is
conjugate to p.(2), ¢.(20) =v(20). We write

f(2) = 71(2) + [m(x) — m(2)] + [ms(s) — m@] 4+ - - - .

Inequality (10.03) yields

| pas1(2) — paz) | < 2M/nP+e+1Rn, z on C.
Theorem 9.6 now implies
l 7rn+1(z) - 7!',,(2) | é Ml/nk+a+lv z on 63;

we consequently have an inequality of independent interest:

(10.04) | 7(2) — maz) | £ M1 vGetath) < My/nbte, z on Cg.

(%) The polynomial (1/2%1) cos [# cos™ z] is the Tchebycheff polynomial of degree n
belonging to the segment (—1, 4+1) and to all the ellipses Cg; see, for example, Faber [1],
Pélya and Szegé [1, vol. II, pp. 75, 266].
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Thus by Theorems 8.2 and 8.4, f(z) EL4 (k, a) on Cg if 0<a <1 and f(z)
E€logs (k, 1) on Cg if a=1. The last part of the theorem follows from
Theorem 2.4.

By the use of Theorem 8.3 we have from (10.04)

THEOREM 10.4. Let C be a curve of Type B. Let u(z) be defined on C. Let
harmonic polynomials p,(2) exist such that

l u(z) — Pn(z)l < M/#nfR", z2inC,B > 2.

Set f(2) =u(z) +1v(2), where v(2) is conjugate to u(z); set wn(2) = pa(3) +1g.(2),
where q.(3) is conjugate to p.(z). Then f'(2) exists in Cr and satisfies the condi-
tion

[ f/(x) — md (&) | < My/nP2, 2 in Ca.

11. Problem 3 for the segment —1 <z=<-1. Let us study now the situa-
tion of Theorem 10.2 in more detail. The function z=(w-+w~!)/2 maps the
w-plane onto the z=(x+47y)-plane so that the circles l‘wl =R and |'w[ =1/R
go into the ellipse Cz. We prove

THEOREM 11.1. Let Cg be the ellipse in the z-plane whose foct are +1 and
whose semi-sum of axes ©s R>1. Let u(z) be harmonic interior to Cr and con-
tinuous in Cr. Suppose there exists a trigonometric polynomsal T,(0) such that

2% .
f | URe") — T.(0) |"d0 < &, p>1,
0

where U(w) =u[(w+w=1) /2], w=re®. Then there exists a harmonic polynomial
Pn(2) such that

| 4(z) — pu(3) | < Men/R", —1=<z=1

Clearly U(w) is harmonicin 1/R<|w| <R, continuous in 1/R<|w| <R;
the harmonic character of U(w) in the points w= +1 follows from the har-
monic character of U(w) in the deleted neighborhoods of those points and
continuity in those points themselves. Moreover we have U(w) = U(1/w).

The values of #(2) on the segment —1=<z=1, which are the only values
of u(z) to which the conclusion applies, do not uniquely define the function
U(w), and it is more convenient in the sequel to replace the given U(re®) by
the function U*(re?)=[U(re®)+ U(re=*)]/2. The function U*(w) is sym-
metric in the axis of reals in the w-plane: U*(re®) = U*(re~%), and U*(w) is
likewise harmonic in 1/R<|w| <R, continuous in 1/R<|w| <R. We also
have U*(e¥) = [U(e®)+ U(e=*)|/2 =u(cos 6). We similarly replace the trigo-
nometric polynomial T,.(f) by a symmetric polynomial Tj(8)=/[T,.(6)
+T.(—0)]/2, whence Tj(8)=T¥(—6), and from our hypothesis we have by
inequality (9.06)
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27 .
(11.01) f | U*(Re") — T.%(6) |"d6 < Ler.
0
Consequently we may write

U*(re¥®) = ag+ 2, (v + r—7)a; cos j6, 1/R <r < R,
=1

(11.02)
27
a; = [#(Ri + R"')]*lf U*(Rei¥) cos jydy.
0 v
These equations for the coefficients are derived by first integrating on
|w| =7, 1/R<r <R, equation (11.02) multiplied through by cos j6, and then
allowing » to approach R.
We thus have

U*(e®?) — PX(e*) = —g-f ) [U*(Re¥) — TX*W)]

[ > (Ri + R—7)~1 cos j8 ccs j¢:| day,
j=n+1

where Py (re®) is the sum of the first 41 terms of the right-hand member of
(11.02). From the Hélder inequality and (11.01) we obtain

I U*(e¥) — P,,*(ei")l < Me./R™

On |w| =1 the function cos j8 is identical with a harmonic polynomial in
x and y of degree j, for we have x =cos #; hence the trigonometric identity
cos jf= E,’,_o ¢, cos* 0, ¢, real, expresses cos jf as a real polynomial in x,
—1=<x=<+41; on the x-axis, x* is a harmonic polynomial of degree u, the real
part of the polynomial z¢. Thus P} (re®) is on | wl =1 identical with a harmonic
polynomial in x and ¥ of degree n. This completes the proof of Theorem 11.1.

Just as Theorem 5.3 is a modification of Theorem 5.1 proved by the use of
Abel’s Lemma, so a modification of Theorem 11.1 can be proved by that same
method.

For the converse problem we prove

THEOREM 11.2. Let u(2) be defined on the interval —1=z=-+1, and let
there exist [harmonic| polynomials p,(z) such that we have

(11.03) | u() — pa(3)| < e/R", R>1,-1=<:z=1,

where e, converges. Then u(z) can be defined so as to be harmonic throughout
the interior of the ellipse Cr whose foct are +1 and whose semi-sum of axes
is R. Moreover, u(2) is continuous in Cg. If in particular €, = M/n*+o+1, then,
on Cr, u(z)EL(k, a) if 0<a<l and u(z)Elog (k, 1) of a=1; if f(2)
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=u(2)419(2), v(z) conjugate to u(z), then f(2) ELa(k, &) on Crif 0<a<1 and
f(z)Eloga (%, 1) on Cr if a=1.

The given polynomial p,(2) is equal on the axis of x to a polynomial in x
of degree n, hence under the transformation 2= (w-+w=1)/2, with w=re*, may
be considered as a trigonometric polynomial in § of order » involving merely
terms cos v8, v=0, 1, - - -, n. We set formally

(11.04) u(@) = a0+ 2 (" + r)a, cos »6,

y=1

1 27
a, = — f u(cos 6) cos »8df,
2rJ o

and from (11.03) we deduce by the method used in proving Theorem 5.6
l a,,+1| = Mley/R'.

Consequently %(z) as defined by (11.04) is harmonic for 1/R< | w| <R, con-
tinuous for 1/R < |w| S R; on the circle |w| =R we have

u(@) — > (R + R™a,cos 0| < M1, (R + R-0)e,/R* < 2RM 1) &,
v=0 y=n y=n
On the circle [wI =R we write (R*+R~) cos v =% [w’+w~], and (w’+w™)
is easily expressed as a polynomial in 2z of degree v. The remainder of the
theorem follows from Theorems 8.2, 8.4, and 8.5.

Inequality (11.03) can be interpreted as dealing not merely with har-
monic polynomials of degree # but also with polynomials in the real variable x
of the same degree n or polynomials in the complex variable z of this same
degree n. If we adopt the last-mentioned interpretation, we are in a position
to apply the results already established by Walsh and Sewell [4] from which
it follows that if €,= M /n**+et1 then the limit fi(z) of these polynomials be-
longs either to the class L4(k, @) or L)(k, 1), defined in §12, on the ellipse Cr
according as « is less than or equal to one. Consequently, u(2) EL(k, o) or
L’(k, 1) on Cg.

As in Theorem 11.1, the harmonic function #(z) is not uniquely de-
termined for non-real z by inequality (11.03) and the values of %(z) on the
segment (—1, +1). If u(2) =u¢(2) satisfies (11.03), so also does %(2) =u,(2)
+ My. If fi=wu;+19; is the analytic function defined above, the function (2)
vanishes on the axis of reals because the polynomials in z are real there; hence
v1(2) satisfies the functional equation v,(z) = —wu(2). It follows that wu(2)
satisfies the functional equation % (2) =u(2) ; moreover it is easily shown that
u1(2) is the only harmonic function satisfying both this functional equation
and inequality (11.03).

We have seen that in many theorems on approximation by harmonic and
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other polynomials, overconvergence (in the sense of Walsh [4, p. 79]) is
involved. A certain sequence converges with sufficient rapidity (geometric
degree of convergence) on a given set E to insure convergence not merely on
the given set E, but also on some larger set containing E in its interior. Such
is not the case, and cannot be the case, with harmonic polynomials given
convergent merely on a set E on the axis of reals. If the numbers N;>j are
arbitrary, the sequence of harmonic polynomials p;(2) =N,y of respective
degrees j converges on the real axis to the function #(2z) =0 so that we have

| u(z) — pi(a)| < 1/N, -1zt

Yet the sequence p;(z) converges in no point not on the real axis.

12. Problem 3 for negative k. In our study (§§4, 8) of Problem a we con-
sidered functions %(2) of class L(k, o) on C, k=0; we approximated %(z) and
f(2) =u(2)+1v(2) on C itself and were consequently interested only in func-
tions continuous on C. In Problem B3, however, we study approximation to
u(2) and f(z) on C with relation to the behavior of #(z) and f(2) on or in a
neighborhood of Cg: thus it is appropriate to relinquish the requirement of
continuity on Cg and to consider a much more general category of functions
introduced by Hardy and Littlewood. Henceforth % is integral but need no
longer be non-negative.

DEFINITION 12.1. If u(2), z=re*, is harmonic in | 2| <1 and if

| u(rei®) | < L(1 — 7)¥+e, r<1,0<a

where k<0, then we say u(z) €L(k, a) on |z| =1.
If f(z) is analytic in |z| <1 and if

| f(rei®)| < Li(1 — r)¥+e, r<1,0<a=1,
where k£ <0, then we say f(2) EL4(k, o) on |z| =1.

The following theorem [Walsh and Sewell 4] indicates the connection
among the classes L4(k, o) where & may be positive, negative, or zero:

THEOREM 12.1. If f(3) EL4(k, @) on |z| =1, 0<a =1, then the derivative
f'(2) is of class Ly(k—1, ) on ]z! =1, and, unless k+a=—1, the indefinite
integral of f(2) is of class La(k+1, a) on |z[ =1.

IIA

Theorem 12.1 is a justification for use of the phrase “L4(k, a) on |z| =17
in Definition 12.1, for a suitably chosen iterated integral of f(z) is defined on
iz| =1; an analogous remark applies to L(k, a) by virtue of results to be
proved later.

To take care of the exceptional case in Theorem 12.1 we make

DerFiniTION 12.2. The function #(z) €L’'(k, 1), k= —1, on |z] =1 provided
u(z) is harmonic in ]z| <1 and 9% 2u(z)/d0*+2&L(—2, 1) on |z| =1; the
fluTction fe)ELY(k, 1), k= —1, on ]z| =1 provided f*+t?(z)EL4(—2, 1) on

z| =1,
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We extend our classification from the unit circle to an analytic Jordan
curve by conformal mapping:

DEeFINITION 12.3. Let C be an analytic Jordan curve in the z-plane. Let
z=x(w) map |w] <1 one-to-one and conformally onto the interior of C.
Then u(z) is said to be of class L(k, a), <0, or L’(k, 1), k= —1, on C if
ul[x(w)] is of class L(k, &) or L’(k, 1), respectively, on |'w[ =1, 0<a=1.
The function f(z) is said to be of class L4(%, ), 2<0, or Ly(k, 1), k= —1, on
Cif f[x(w)] is of class L4(k, &) or L4(k, 1), respectively, on le =1,0<a=s1.

This definition is independent of the particular x(w) chosen, as the reader
will easily show by considering an arbitrary map of the region le <1 onto
itself; for the classes L’(k, 1) compare also Theorem 12.4 below. Moreover,
Theorem 12.1 carries over where we now differentiate and integrate in the
plane of the curve C.

If C consists of several mutually exterior analytic Jordan curves, we say
u(z) EL(k, a), k<0, or u(z)&EL'(k, 1), k=—1, on C if u(z)EL(k, «) or
u(z) €L'(k, 1), respectively, on each component of C; a similar definition
applies to f(z) and the classes L4(k, ), Ly(k, 1).

The following theorem due to Cartwright [1] will be useful:

THEOREM 12.2. Let f(2) =u(z) +1v(2), 2=re®, be analytic in lzl <1 and let
v(0)=0. If |u(re®)| SL(1—r)=* for r<1, where u>0, then |v(re?)|
SML(1—r)* for r<1, where M, depends only on pu.

To relate the classes L(k, ) and L4(k, @), £<0, we thus have

THEOREM 12.3. Let C be an analytic Jordan curve. Let f(2) =u(z)+1iv(z) be
analytic interior to C and suppose k+a<0, 0<a=1. Then a necessary and
sufficient condition that f(2) ©L4(k, @) on C is that u(2) €L(k, a) on C.

By Definition 12.3 we need consider only the case of the unit circle. The
necessity of the condition is obvious. The sufficiency follows by Theorem 12.2:

I o(re’®) — 2(0) l = ML(1 — 7)kte
| o(rei®) | < M,L(1 — r)¥+a 4| 9(0) | £ M1(1 — r)¥+e, r < 1.
Under a hypothesis on #(2) analogous to that of Theorem 12.1 on f(2),
Theorems 12.3 and 12.1 yield an analogous conclusion concerning the deriva-

tive and indefinite integral of %(2)+4v(z). The statement and proof of such a
theorem are left to the reader.

THEOREM 12.4. Let C be an analytic Jordan curve. Let f(2) =u(z) +1v(z)
be analytic interior to C. Then a necessary and sufficient condition that f(2)
EL)y(k, 1), k= —1, on C is that u(z) EL'(k, 1) on C.

By Definition 12.3 we may limit ourselves to the case of the unit circle.
The necessitv follows from Definitions 12.1 and 12.2 and the equation
A2 /Q0rt2 = Y ItE [ gif (D (3), |z] <1, where the ¢; are constants. To estab-
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lish the sufficiency we note that, by Theorem 12.3, d*t2f/36%+2 satisfies the
condition | 3%+%f(re®) /00%+2| <L/(1—r); hence |dif(re®)/d6i| <L./(1—r) for
j=1, - - -, k+1. Thus from the equation f#+2(z) =z=¢+» > "**2 7.(3if(z) /367),
we obtain

(12.01) | fE+D(reit) | < Mre+D /(1 — 7), 0<r<l.

For »<1/2, the principle of the maximum together with (12.01) yields
(12.02) | fo+2(5) | < 280M/(1 — 7);

hence we see from (12.01) that (12.02) is valid for |z| <1.

THEOREM 12.5. Let C and Cr, R>1, be contours. Let u(z) EL(k, o), k<0,
0<a=1, on Cg. Set f(z) =u(z)+1iv(z) where v(z) is conjugate to u(z) interior
to Cr. Then there exist polynomials w.(2) in 2 such that

If(z) — wa(2) l < L/n**+=R~, zonC.

Except in the case k= —1, a=1, Theorem 12.5 follows immediately by
Theorem 12.3 from the known corresponding theorem for analytic functions
[Sewell 1, Theorem 6.1.1].

Consider the case k= —1, a=1. By hypothesis !u(z)| <M, z interior to
Cr. Let C’ be a component curve of Cg, and let z=x(w), w=re®, map Iw] <1
one-to-one and conformally onto the interior of C’. We obtain by the use of
Theorem 9.2

f. 1@l ) ao
wl=r _ /2

s [ i) a0 1

1/2
<M, f | flx(w)] = dv[x(0)]]2d6 + 27| 2[x(0)] Iz]
L |w|=r

1/2
2

:Msfwl=r | #[x(w)] |2d0 + 21r| v[x(O)][ ]

< My[2eM M2 + 27| o[x(0)]|2]/2 < M,, r<i,

=M

5]

where M, is independent of r. It follows from this last inequality by well
known theorems that the limit of f(2) as z approaches a point of Cg in angle
exists for almost all points of Cg and that fcnl f(z)|ds exists. Furthermore
[for example, Smirnoff 1, p. 345], the Cauchy integral formula is valid for
f(2), where the integral is taken along Cg.

Hence if 7,(2) denotes the polynomial of degree » which interpolates to
f(2) in n+1 equally distributed points on C we have [Walsh and Sewell 1] in
the usual notation (§8)
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1 . (2)f(8)
(2) — ma(2) = :?;:LR mdt, z on C;
| f(2) — ma(2) | < L/R", zon C.

Theorem 12.4 together with known results [Walsh and Sewell 4, Theorem
7.6] yields

THEOREM 12.6. Let C be an analytic Jordan curve, and let u(z) EL'(k, 1) on
Cr, kZ —1, R>1. Set f(2) =u(2) +1v(2), where v(2) is conjugate to u(z) interior
to Cr. Then there exist polynomials m,.(2) such that

| 7(2) — maz) | £ M/n*+1Rn, z on C.
In the converse direction we have

THEOREM 12.7. Let C be a curve of Type D, and let u(z) be defined on C.
Let harmonic polynomials p.(3) exist such that

(12.03) | u(z) — pa(z) | £ M/nfR", zonC, R > 1.

If we set f(2) = u(2) +1v(2), where v(2) is conjugate to u(z) in C, and 7.(2) = p.(2)
+19.(2), where q.(2) is conjugate to p.(z), then f(2) is analytic on C and

| /) — md (3) | £ My/n*~1R", z on C.

From (12.03) we obtain
| pns1(2) = pa(a) | < 2M/nR", B0,
| pns1(s) — pa(2) | < 2M/(n + 1)5R", B <0

Thus by Theorem 7.2 we have
| Tas1(2) — wa(z) | < M1/nP-'R>, zonC.

By the method used in proving Theorem 8.3 we obtain that the sequence m,(2)
converges to f(2) in C. Theorem 12.7 now follows by the method of Sewell [1,
Theorem 6.2.8].

TuEOREM 12.8. Let C be an analytic Jordan curve, and let u(z) be defined on
C. Let harmonic polynomials p.(z) exist such that

(12.04) ’ | u(z) — pa(z)| < M/n*+«H1R»,  z20nT, R > 1.
Let f(z) be an analytic function such that R[f(2)] =u(z) interior to Cr. Then

f(B)ELi(k, &) on Cr if k+oa+1 is not a positive integer, and f(z) ELY(k, @)
on Cr if k+a+1 is a positive integer.

Theorem 12.8 holds for % positive, negative, or zero.
Inequality (12.04) implies by Theorem 12.7 in the notation of that
theorem
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(12.05) | f'(z) — =/ (3) | £ M1/n*+eRn, z on C.

If B+« is not a positive integer, then [Sewell 1, Theorem 6.3.1] f'(2)
€Ls(k—1, @) on Cg; thus the conclusion follows by Theorem 12.1 as ex-
tended if we have k+a>0, and by Definition 12.3 if we have k+a=0. If
k-+ais a positive integer, then [Sewell 1, Theorem 6.3.1] f'(2) EL4(k—1, a)
on Cg; thus by Definition 12.3 f*+2(2) €L ,(—2, 1) and hence f(z) €L (%, 1)
on Ckg.

Theorem 12.8 can be extended to the sum C of a finite number of mutually
exterior analytic Jordan curves, for Theorem 12.7 may be applied to each
component of C to obtain (12.05); Theorem 6.3.1 of Sewell [1] extends to
such a set C.

Results on Problem 8 for negative & for the line segment may be obtained
by the methods of this section and the preceding one; the statement and proof
of such theorems are left to the reader.

13. Problem . We turn now to the study of the polynomials under
consideration in Problem (3 in §10. Let C be a contour. Let f(3) be defined in C.
Suppose that there exist polynomials w,(2) in 2z such that

| 7(2) — (@) | < en, 2in C,

where the e, approach zero monotonically as # becomes infinite. Then we
have

| 1r,.+1(z) - Wn(z) I = 2e, zZ on E,
and therefore [Walsh 4, p. 77]
(13.01) | Tur1(z) — 72(3) | < 2e.R™, zonCg, R > 1.

If we set formally
(13.02)  f(2) = m1(2) + [ma(z) — m(z)] + [ms(z) — m(z)] + - - -,

and if Y e, R" converges, we may consider the second member of (13.02) to
define f(z) on Cg. By (13.01) we have

| (2) — ma2) | < 22 €;RY, z on Cg.
I=n
This method can be applied to the various sequences of polynomials
studied in §10 whose degree of convergence on C is known. We have, for
example, from Theorem 10.1

THEOREM 13.1. Let C and Cr, R>1, be contours. Let u(z) EL(k, a), 0<a
=1, k21, on Cg. Set f(z) =u(z) +1iv(z), where v(2) is conjugate to u(z) in Cg.
Then

| 1) — 7alz) | £ M/nb+et, % in Cr,
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where T,(2) ts the (unique) polynomial of degree n which interpolates to f(z) in
n—+1 equally distributed poinis on C.

If we choose €,= M /n**+e+1 R* k>0, and €, = M;/n*+*R" respectively, we
obtain using the methods of this section and Theorem 9.6

THEOREM 13.2. Let C be a curve of Type B, and let u(z) be defined in C. Let
harmonic polynomials pn(2) satisfy the inequalities

| u(z) — pa(z)| < M/n*+<+1R*, 30nC,R>1, k= 0.

Set f(2) =u(z) +1v(2), where v(2) is conjugate to u(z). Let 3o be an interior point
of C; set wa(2) =pa(2) +1qn(2), where q.(2) is conjugate (0 p.(2), gn(20) =v(20).
Choose R, 1 <Ry =R. Then

k+¢x n

| /() — ma(2)| < LMRi/n , z on Cr,,
where L depends on Ry but is independent of u(z), n, R, and z; if 1 <R <R we
have furthermore

k+a+l n

| () — ma(3) | < LuMRY/n , z on Cr,,
where L, depends also on R.

14. Appraisal of results. Examples. We now exhibit examples to appraise
the sharpness of our results. To see that Theorem 3.1 is in a certain sense
sharp for the case u(2) €EL(k, 1), we may consider the function

f1(s) = (2 — 1) log (1 — 2) (ls] =121
=0 (z=1).
Choose the branch of the logarithm such that —w/2=<arg (1—3)<w/2. If

fi(2) =m(2) +ivi(2), we see that u(2) €L(0, 1) on |z| =1, but u,(z)€&L(0, 1)
on |z| =1. We have rather

Lik|log k| < | vi(e®) — 0i(1)| < Lok|log k|, 0< h <6y,

where L, and L, are positive constants independent of 4. Hence there can be
established on fi(e®) no stronger condition expressible as a modulus of con-
tinuity than an inequality of form (2.01) with =0, 8=1. For £>0 the kth
indefinite integral of fi(2) yields a similar conclusion.

To see that Theorem 3.1 is sharp for the case u(z)Elog (%, 1), consider
(k=0) the following function or (£>0) its kth indefinite integral:

f2(z) = (z — 1) log? (1 — 2) (|z] = 1,21)
=0 (z=1),

where —m/2<arg (1—2) <w/2. If fao(2) =u2(2) +1v2(2), then uq(z) Elog (0, 1)
on Izl =1, but vs(2)&log (0, 1) on |z| =1. We have instead
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Mihlog? h < | va(e®) — 9o(1) | < Mh log? b, 0< k< b,

where M, and M, are positive constants independent of 4.

We turn now to examples for the theorems on approximation. For 0 <a <1
and C an analytic Jordan curve, Theorem 8.5 is an exact converse of results
contained in Theorem 8.1. For « =1, however, a corresponding exact converse
is impossible, as is illustrated (¢=0) by the function v(z) defined above.
The power series expansion of fi(z) about the origin is

f1(z) = z — iz"/v(v - 1), |z| =<1,

which converges uniformly for [z] =<1 by the Weierstrass M-test. For ]zl =1
we have

fi(z) — 2 +ﬁ2zv/p(v - 1)| =< fj 1/v(p — 1) = i [ = 1)t =] = 1/n,

n+1 n+1

n=2,3, - - ;thus (z=re?)

v1(z) — rsinb + >, 7 sinvd/v(v — 1)| < 1/n, r =< 1.

y=2

But vi(z) satisfies a condition of the form (2.01) with £=0, =1, and no
stronger condition expressible as a modulus of continuity. For 2>0 the kth
indefinite integral of fi(2) yields a similar illustration.

The exponent of # cannot be improved in Theorem 10.1. Compare the
examples given by Walsh and Sewell [1, pp. 700-702].

To see that =1 is exceptional in Theorems 10.3 and 12.8 we refer to
the examples in Sewell [1, p. 169].

The discrepancy of unity between the exponents which occur in Theorem
10.1 and in Theorem 10.3 is inherent in the nature of the problem; compare
Sewell [1, pp. 170-171].
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